We shall study lightlike hypersurfaces of indefinite cosymplectic manifolds and prove nonexistence of totally umbilical lightlike hypersurfaces of indefinite cosymplectic space formsM (c) with c = 0.
Introduction
Let M be a hypersurface of an m−dimensional semi-Riemannian manifold (M,ḡ) of constant index 0 < ν < m. In case of degenerate(or lightlike) hypersurfaces, the normal bundle has a nontrivial intersection with the tangent bundle, i.e., the normal bundle is a subbundle of rank one of the tangent bundle over M. So, we fail to use the theory of nonnull geometry. To use the theory of nondegenerate submanifolds we need an alternative vector bundle(the socalled transversal vector bundle ) which plays the role of the normal bundle in case of nondegenerate hypersurfaces. But the situation is very different from that of nondegenerate submanifolds(see section 4).
In [6] , Duggal and Bejancu studied real hypersurfaces of indefinite Kaeher manifolds, and in particular proved that there exist no totally umbilical lightlike real hypersurfaces of indefinite complex space forms with constant holomorphic sectional curvature c = 0. The odd-dimensional counterpart of indefinite Kaehler manifolds are indefinite cosymplectic manifolds. It is natural that we expect analogous results as in indefinite Kaehler manifolds. Also, lightlike hypersurfaces of indefinite Sasakian manifolds are studied in [10] . In addition, there exist some papers dealing with lightlike(null) hypersurfaces, eg, [1, 3, 4, 6, 7, 8, 9, 12, 13] .
Indefinite Cosymplectic Manifolds
An odd dimensional semi-Riemannian manifold (M,ḡ) is called an almost contact metric manifold if there is a (1,1) tensor fieldφ, a vector field ξ, called characteristic vector field and a 1-form η such that for any vector fields X, Y onMḡ
Then (φ, ξ, η,ḡ) is called an almost contact metric structure ofM (cf. [2, 5, 9] ). It follows thatφ
Also, the almost contact metric structure (φ, ξ, η,ḡ) is normal if Nφ + dη ⊗ ξ = 0, where Nφ is the Nijenhuis tensor field, which is defined by
. Define a 2-form Φ onM by Φ(X, Y ) = g(X,φY ). A normal almost contact metric structure (φ, ξ, η,ḡ) onM such that Φ is closed and dη = 0 is called a cosymplectic structure. It is characterized by∇ Xφ = 0 and∇ X η = 0 for any vector field X on M, where∇ is the Levi-Civita connection ofḡ (cf. [2, 11] ). A semi-Riemannian manifoldM with a cosymplectic structure (φ, ξ, η,ḡ) is called an indefinite cosymplectic manifold.
Lemma 2.1. For an indefinite cosymplectic manifold, we havē
where ξ is the characteristic vector field.
Proof. Differentiatingφ(ξ) = 0, we getφ(∇ X ξ) = 0. Transvecting this withφ and using (2.4) complete the proof.
LetM be an indefinite cosymplectic manifold. Let
For a non-null vectorX in D p ,X andφX span a non-degenerate 2-plane, and hence we can consider a sectional curvature
whereR denotes the curvature tensor ofM . If K(X) is constant for all nonnull vectorX in D p ,M is said to be of constantφ-sectional curvature at the
is a constant onM ,M is said to be of constantφ-sectional curvature k(p) = c. In this case, it is known [2, 9] that the curvature tensorR has the form.
for any tangent vectorsX,Ȳ andZ, where we have assumed = 1 (by a suitable conformal transformation if necessary). An indefinite cosymplectic manifoldM is said to be an indefinite cosymplectic space form ifM is of constantφ-sectional curvature c, and will be denoted byM (c).
Decompositions of the tangent bundle TM
Let (M,φ, ξ, η,ḡ) be a (2n + 1)-dimensional almost contact metric manifold, whereḡ is a semi-Riemannian metric of index ν, 0 < ν < 2n + 1. Let M be a hypersurface ofM . We consider for any p ∈ M
where
In this case the induced metric g on M from the semi-Riemannian metricḡ onM is degenerate. Let (M, g) be a lightlike hypersurface of (M,ḡ). Then there exists a non-zero
we getḡ(φE, E) = 0, and soφE is tangent to M. Hence we get a distributionφ(T M ⊥ ) on M of rank 1. Now we choose a
T M such that it contains bothφE and ξ. Since the screen distribution S(T M)
is non-degenerate, there exists a complementary orthogonal vector subbundle
Hence we have the orthogonal decomposition
lightlike vector subbundle of the non-degenerate vector bundle S(T M)
⊥ with two-dimensional fibers. Then, for any local section
Hence, N is not tangent to M and {E, N} are a local field of frames of S(T M) ⊥ . Moreover we have a 1-dimensional vector subbundle tr(T M) of TM over M, which is locally spanned by N. Then we set
where the decomposition is not orthogonal. Thus we have the following de-
Then N is orthogonal toφE and we havē
which means thatφN is also tangent to M and belongs to S(T M). From (2.1) we haveḡ
where ξ ∈ Γ(D 0 ) and D 0 is an invariant distribution with respect toφ, i.e., φ(D 0 ) = D 0 . Hence, from (3.1),(3.3),(3.4) and (3.7) we obtain the decompositions
A Brief Review of Lightlike Immersions
In the present section, we recall some results from the general theory of lightlike hypersurfaces(cf. [7] ). Let (M, g) be a lightlike hypersurface of an indefinite cosymplectic manifold (M,φ, ξ, η,ḡ). Then, according to the decomposition (3.4), we write for any X, Y ∈ Γ (T M)
where ∇ X Y and A N X belong to Γ(T M), while B(X, Y ) and τ (X) are smooth functions on M. We call B, A N and τ the second fundamental form, the shape operator, and the transversal 1-form, respectively, for the lightlike immersion of M inM. As in the non-degenerate case we call (4.1) and (4.2) the formulae of Gauss and Weingarten of the lightlike hypersurface M, respectively. It is easy to see that B is a symmetric tensor field of type (0,2), τ is a differential 1-form, A N is a tensor field of type (1,1) and ∇ is a torsion-free linear connection on M.
Moreover the second fundamental form B is independent of the choice of screen distribution, in fact, from (4.1) and (3.2) we obtain
The tensor fields B and A N are not related by means of g, and therefore, in general, A N is not symmetric with respect to g. The 1-form τ , in general, does not disappear as it does in the non-degenerate case. Furthermore, the induced linear connection ∇ is not a metric connection. More precisely, we obtain from (4.1) and the fact that∇ is a metric connection.
, where θ is a differential 1-form locally defined on M by
Next, we denote by P the projection morphism of T M on S(T M) with respect to the orthogonal decomposition
Taking into account of this decomposition, we can put
E is a tensor field of type (1,1) on M and ∇ * is a linear connection on the screen distribution S(T M), respectively. Then, using (3.2), (4.1), (4.2) and (4.6) we obtain
Hence (4.6) becomes
It follows from (4.1),(4.2),(4.5) and (4.6) that
Finally, we are concerned with the structure equations of the immersion of a lightlike hypersurface into an indefinite cosymplectic manifold. Denote bȳ R and R the the curvature tensor of∇ and ∇, respectively. By definition of curvature tensor, we obtain from (4.1) and (4.2).
R(X, Y )Z = R(X, Y )Z + B(X, Z)A N Y − B(Y, Z)A N X +{(∇ X B)(Y, Z) − (∇ Y B)(X, Z) (4.11) + B(Y, Z)τ (X) − B(X, Z)τ (Y )}N for any X, Y, Z ∈ Γ(T M), where we have put (∇ X B)(Y, Z) = XB(Y, Z) − B(∇ X Y, Z) − B(Y, ∇ X Z).
(4.12)
Then we have the Gauss-Codazzi equations of the lightlike hypersurface (M, g, S(T M)). g(R(X, Y )Z, P W ) = g(R(X, Y )Z, P W ) + B(X, Z)C(Y, P W ) − B(Y, Z)C(X, P W ). (4.13) g(R(X, Y )Z, E) = (∇ X B)(Y, Z) − (∇ Y B)(X, Z) + B(Y, Z)τ (X) − B(X, Z)τ (Y ). (4.14) g(R(X, Y )Z, N) =ḡ(R(X, Y )Z, N) (4.15) for any X, Y, Z, W ∈ Γ(T M)
, where we have used (3.2), (4.8), (4.10) and (4.11).
Integrability
Let (M,φ, ξ, η,ḡ) be an indefinite cosymplectic manifold and (M, g) be its lightlike hypersurface. We consider the distribution on M
Then D is invariant underφ and
Now we consider the local lightlike vector fields
Then, from (5.1), any X ∈ Γ(T M), is written as Again, applyingφ to (5.5) and using (2.1), we also have
Differentiating (5.5) and comparing both sides with respect to the decomposition (3.4), we obtain for any X, Y ∈ Γ(T M)
where we have used (4.1), (4.2) and (5.4).
Theorem 5.1. A lightlike hypersurface M of an indefinite cosymplectic manifoldM is totally geodesic, i.e., B = 0 if and only if
Proof. Note that u(Y ) = 0, ∀Y ∈ Γ(D). Then (5.8) is reduced to the equation
where Y ∈ Γ(D). On the other hand, replacing Y by U in (5.8), we also obtain
with the aid of u(U ) = 1. Therefore if we assume that M is totally geodesic, then (5.10) and (5.11) follow from (5.12) and (5.13), respectively. The converse is clear. Thus we complete the proof.
Proposition 5.2. Let M be a lightlike hypersurface of an indefinite cosymplectic manifoldM . Then we have for any X ∈ Γ(T M) (i) if the vector field U is parallel, then
(
ii) if the vector V is parallel, then
Proof. (i) Applying φ to (5.13) and using (5.7), we have
If U is parallel, i.e., ∇ X U = 0, then this equation reduces to φ(A N X) = 0, from which and (5.5), we haveφ(A N X) = u(A N X)N. Applyingφ to this equation and using (2.3), we get the first equation in (5.14). Replacing Y in (5.9) by U and noting that u(U ) = 1, we have (∇ X u)(U ) = −τ (X), and so τ (X) = 0,
(ii) Suppose that the vector field V is parallel. Replacing Y by E in (5.8) and remembering E ∈ Γ(T M ⊥ ) and (4.10), we have (∇ X φ)E = 0. Hence
. Applying φ to this equation and using (5.7)
But the left and right hand side lie in the screen distribution Γ(S(T M)) and Γ(T M ⊥ ), respectively. Hence (5.15) follows from (3.4). Now, according to the decomposition (3.8), we consider a local field of frames on M,
Then, using (2.1)∼(2.4),(4.1),(4.2) and (4.7)∼(4.10), we obtain Proposition 5.3. Let M be a lightlike hypersurface of an indefinite cosymplectic manifoldM . 
is integrable if and only if
B(X, Y ) = 0, ∀X ∈ Γ(φ(T M ⊥ )), Y ∈ Γ(φ(T M ⊥ ) ⊥ D 0 ). (5.16) (ii) T M ⊥ ⊥φ(T M ⊥ ) ⊥ [ξ] is integrable if and only if (5.16) holds. (iii)φ(T M ⊥ ) ⊕φ(
tr(T M)) is integrable if and only if
C(U, V ) = C(V, U), (5.17) B(U,φX) = C(V,φX), ∀X ∈ Γ(D 0 ). (5.18) (iv) D 0
is interable if and only if
where the first identity follows from (2.5), (3.2), (4.1), and the second one follows from (2.5), (3.2), (4.1), (4.5), respectively. 
Corollary 5.4. Let M be a totally geodesic, lightlike hypersurface of an indefinite cosymplectic manifoldM . Then the distributions T M
(ii) The distribution D is parallel with respect to the induced connection ∇.
Proof. (i) follows from (5.7) with u = 0 and (5.10). For the assertion (ii) the
Hence D is parallel with respect to ∇.
Totally Umbilical Lightlike Hypersurfaces.
A submanifold M is called a totally umbilical lightlike hypersurface of a semiRiemannian manifoldM if the local second fundamental form B of M satisfies
where ρ is a smooth function on M. 
Proof. From (2.6) we get
for any X, Y, Z ∈ Γ(T M). Substituting (4.14) into the left hand side of (6.4) and using (5.4) yield
Replacing X, Y and Z in (6.5) by P X, E and P Z respectively, we deduce (6.8) holds, where λ is a smooth function on M.
Proposition 6.3. Let (M, g, S(T M)) be a lightlike hypersurface ofM(c) such that S(T M) is totally umbilical. Then S(T M) is totally geodesic, i.e. C(X, P Y ) = 0 for any X, Y ∈ Γ(T M).
Proof. First, the direct calculation of the right hand side in (4.15) shows that Taking X = E, Y = P Z = U in (6.9) and using (6.8) we havē On the other hand, it is clear from (2.6) thatḡ(R(E, U)U, N) = 0, which means that S(T M) is totally geodesic.
g(R(E, U)U, N) = (∇ E λg)(U, U) − (∇ U λg)(E, U) = λ(∇ E g)(U, U) − λ(∇ U g)(E, U) = λg(∇ U
E
